The weighted geometric (WG) operator and the ordered weighted geometric (OWG) operator are two common aggregation operators in the field of information fusion. But these two aggregation operators are usually used in situations where the given arguments are expressed as crisp numbers or linguistic values. In this paper, we develop some new geometric aggregation operators, such as the intuitionistic fuzzy weighted geometric (IFWG) operator, the intuitionistic fuzzy ordered weighted geometric (IFOWG) operator, and the intuitionistic fuzzy hybrid geometric (IFHG) operator, which extend the WG and OWG operators to accommodate the environment in which the given arguments are intuitionistic fuzzy sets which are characterized by a membership function and a non-membership function. Some numerical examples are given to illustrate the developed operators. Finally, we give an application of the IFHG operator to multiple attribute decision making based on intuitionistic fuzzy sets. Decision Making, Mathware and Soft Computing. His current research interests include information fusion, group decision making, computing with words, and aggregation operators.
Introduction
Atanassov (1986, 1989, 1994a, b, 1999, 2000) and Atanassov and Gargov (1989) introduced the concept of intuitionistic fuzzy set, which is a generalization of the concept of fuzzy set (Zadeh 1965) . The intuitionistic fuzzy set has received more and more attention since its appearance. Gau and Buehrer (1993) introduced the concept of vague set. Chen and Tan (1994) and Hong and Choi (2000) presented some techniques for handling multicriteria fuzzy decision making problems based on vague sets. But Bustince and Burillo (1996) showed that vague sets are intuitionistic fuzzy sets. De et al. (2000) defined concentration, dilation and normalization of intuitionistic fuzzy sets, and proved some propositions in this context. Bustince et al. (2000) presented the concepts of intuitionistic fuzzy generators and studied the complementary of an intuitionistic set from the intuitionistic fuzzy generators. Szmidt and Kacprzyk (2000) defined the four basic distances between intuitionistic fuzzy sets: the Hamming distance, the normalized Hamming distance, the Euclidean distance, and the normalized Euclidean distance. Szmidt and Kacprzyk (2001) proposed a non-probabilistic-type entropy measure for intuitionistic fuzzy sets. Mondal and Samanta (2001) defined topology of interval-valued intuitionistic fuzzy sets, and studied some of its properties. Mondal and Samanta (2002) introduced a concept of intuitionistic gradation of openness on fuzzy subsets of a nonempty set, and defined an intuitionistic fuzzy topological space. They proved that the category of intuitionistic fuzzy topological spaces and gradation preserving mappings is a topological category, and studied compactness of intuitionistic fuzzy topological spaces. Deschrijver and Kerre (2003) investigated the composition of intuitionistic fuzzy relations. Li (2004) defined two dissimilarity measures between intuitionistic fuzzy sets, and generalized these measures to intuitionistic fuzzy structures. Grzegorzewski (2004) suggested some methods for measuring distances between intuitionistic fuzzy sets and/or interval-valued fuzzy sets, based on the Hausdorff metric. The proposed new distances are generalizations of the Hamming distance, the Euclidean distance and their normalized counterparts.
However, it seems that in the literature there is no investigation on aggregation operators for aggregating a collection of intuitionistic fuzzy sets, except of some operations on intuitionistic fuzzy sets (Atanassov 1986 , De et al. 2000 . In this paper, we shall develop some geometric aggregation operators, such as the intuitionistic fuzzy weighted geometric (IFWG) operator, the intuitionistic fuzzy ordered weighted geometric (IFOWG) operator, and the intuitionistic fuzzy hybrid geometric (IFHG) operator. To do so, this paper is structured as follows. In Section 2, we review the weighted geometric (WG) operator and the ordered weighted geometric (OWG) operator. In Section 3, we develop the IFWG operator, the IFOWG operator, and the IFHG operator, and study their various properties. In Section 4, we give an application of the IFHG operator to multiple attribute decision making with intuitionistic fuzzy information. Concluding remarks are made in Section 5.
The WG and OWG operators
Let a j ( j ¼ 1, 2, . . . , n) be a collection of non-negative real numbers, v ¼ (v 1 , v 2 , . . . ,v n ) T be the weight vector of a j ( j ¼ 1, 2, . . . , n), with v j . 0 and P n j¼1 v j ¼ 1, then a WG operator is defined as (Saaty 1980 , Aczél and Saaty 1983 , Willet and Sharda 1991 , Benjamin et al.1992 , Xu 2000 , Xu and Da 2003 :
Another geometric aggregation operator called the OWG operator based on the OWA operator (Yager 1988 , Yager 1993 , Yager and Kacprzyk 1997 , Yager 2004 ) and the geometric mean, was defined as follows (Xu and Da 2003 , Yager 2004 , Xu and Da 2002 , Herrera et al. 2003 , Xu 2004a ).
An OWG operator of dimension n is a mapping OWG : R þ n ! R þ which has associated with it a weighting vector w ¼ (w 1 , w 2 , . . . ,w n ) T , with w j . 0 and P n j¼1 w j ¼ 1, such that OWG w ða 1 ; a 2 ; . . .; a n Þ ¼
where b j is the jth largest of a j ( j ¼ 1, 2, . . . , n).
Central to this operator is the reordering of the arguments, in particular an argument a i is not associated with a particular weight w i but rather a weight w i is associated with a particular ordered position i of the argument.
One important issue in the OWG operator is to determine its associated weights. Many methods can be used to determine the OWG weights (please see Xu (2005) for more details). Especially, Xu (2005) developed a normal distribution based method, which is defined as follows:
where m n is the mean of the collection of 1, 2, . . . , n, and s n (s n . 0) is the standard deviation of the collection of 1, 2, . . . , n, i.e.
The prominent characteristic of the method is that it can relieve the influence of unfair arguments on the final results by assigning low weights to those "false" or "biased" ones.
The WG and OWG operators, however, have usually been used in situations where the input arguments are the exact values. Xu (2004b, c) extended the WG and OWG operators to accommodate linguistic environment. In the following section, we shall extend the WG and OWG operators to accommodate the situations where the input arguments are intuitionistic fuzzy values.
The IFWG and IFOWG operators

Operational laws and relations
Atanassov (1986) generalized the concept of fuzzy set (Zadeh 1965) , and defined the concept of intuitionistic fuzzy set as follows.
Let a set X be fixed. An intuitionistic fuzzy set A in X is an object having the form:
where the functions m A : X ! [0, 1] and v A : X ! [0, 1] define the degree of membership and the degree of non-membership of the element x [ X to A , X, respectively, and for every x [ X:
If we use a membership function t A and a non-membership function f A to denote the lower bounds on m A , then, the degree of membership of x in the intuitionistic fuzzy set A is bounded to a subinterval [t A (x), 1 2 f A (x)] of [0,1]. Gau and Buehrer (1993) called the interval [t A (x), 1 2 f A (x)] a vague value. However, Bustince and Burillo (1996) showed that vague sets are intuitionistic fuzzy sets. For computational convenience, in this paper, we call the interval [t A (x), 1 2 f A (x)] an intuitionistic fuzzy value, and replace equation (4) with
correspondingly.
The intuitionistic fuzzy value [t A (x), 1 2 f A (x)] indicates that the exact degree of membership m F (x) of x may be unknown. But it is bounded by
It can be interpreted as "the vote for resolution is 4 in favor, 3 against, and 3 abstentions" (1993).
Letã ¼ ½tã; 1 2 fã andb ¼ ½t~b; 1 2 f~b be two intuitionistic fuzzy values, we introduce two operational laws ofã andb as follows:
(1)ã^b ¼ ½tãt~b; ð1 2 fãÞð1 2 f~bÞ;
(2)ã l ¼ ½t l a ; ð1 2 fãÞ l ; l . 0:
Theorem 1. Letã ¼ ½tã; 1 2 fã andb ¼ ½t~b; 1 2 f~b be two intuitionistic fuzzy values, and letc ¼ã^b andd ¼ã l (l . 0), then bothc andd are also intuitionistic fuzzy values.
Proof. Sinceã ¼ ½tã; 1 2 fã andb ¼ ½t~b; 1 2 f~b are two intuitionistic fuzzy values, we have
then by the operational law (1), we have
thusc is an intuitionistic fuzzy value. Also since t l a $ 0; 1 2 ð1 2 fãÞ l $ 0 and t l a þ 1 2 ð1 2 fãÞ l # ð1 2 fãÞ l þ 1 2 ð1 2 fãÞ l ¼ 1 thusd is also an intuitionistic fuzzy value.
By the operational laws (1) and (2), we have.
Theorem 2. Letã ¼ ½tã; 1 2 fã andb ¼ ½t~b; 1 2 f~b be two intuitionistic fuzzy values, l, l 1 , l 2 . 0, then
(1)ã^b ¼b^ã;
(2) ðã^bÞ l ¼ã l^b l ;
(3)ã l 1^ã l 2 ¼ã l 1 þl 2 :
Proof (1) By the operational law (1), we havẽ a^b ¼ ½tãt~b; ð1 2 fãÞð1 2 f~bÞ ¼ ½t~btã; ð1 2 f~bÞð1 2 fãÞ ¼b^ã:
(2) Sinceã^b ¼ ½tãt~b; ð1 2 fãÞð1 2 f~bÞ then, by the operational law (2), it follows that
ðã^bÞ l ¼ã l^b l :
(3) Sinceã l 1 ¼ ½t l 1 a ; ð1 2 fãÞ l 1 ;ã l 2 ¼ ½t l 2 a ; ð1 2 fãÞ l 2 thenã l 1^ã l 2 ¼ ½t l 1 a t l 2 a ; ð1 2 fãÞ l 1 ð1 2 fãÞ l 2 ¼ ½ðtãtãÞ l 1 þl 2 ; ð1 2 fãÞ l 1 þl 2 ¼ã l 1 þl 2 :
Chen and Tan (1994) introduced a score function S of an intuitionistic fuzzy value, which is represented as follows.
Letã ¼ ½tã; 1 2 fã be an intuitionistic fuzzy value, where
The score ofã can be evaluated by the score function S shown as:
where SðãÞ [ ½21; 1. The larger the score SðãÞ, the greater the intuitionistic fuzzy valueã. Hong and Choi (2000) defined an accuracy function H:
to evaluate the degree of accuracy of the intuitionistic fuzzy valueã ¼ ½tã; 1 2 fã, where HðãÞ [ ½0; 1. The larger the value of HðãÞ, the more the degree of accuracy of the degree of membership of the intuitionistic fuzzy valueã.
As presented above, the score function S and the accuracy function H are, respectively, defined as the difference and the sum of the membership function t and the nonmembership function f. Hong and Choi (2000) showed that the relation between the score function S and the accuracy function H is similar to the relation between mean and variance in statistics. Based on the score function S and the accuracy function H, in the following, we give an order relation between two intuitionistic fuzzy values, which is defined as follows.
Definition 1. Letã ¼ ½tã; 1 2 fã andb ¼ ½t~b; 1 2 f~b be two intuitionistic fuzzy values, SðãÞ ¼ tã 2 fã and SðbÞ ¼ t~b 2 f~b be the scores ofã andb, respectively, and let HðãÞ ¼ tã þ fã and HðbÞ ¼ t~b þ f~b be the accuracy degrees ofã andb, respectively, then . If SðãÞ , SðbÞ, thenã is smaller thanb, denoted byã ,b;
. If SðãÞ , SðbÞ, then (1) If HðãÞ ¼ HðbÞ, thenã andb represent the same information, denoted byã ¼b;
(2) If HðãÞ , HðbÞ, thenã is smaller thanb, denoted byã ,b.
The IFWG operator
For convenience, let V be the set of all intuitionistic fuzzy values.
Definition 2. Letã j ¼ ½tã j ; 1 2 fã j ðj ¼ 1; 2; . . .; nÞ be a collection of intuitionistic fuzzy values, and let IFWG:
. . ,1/n) T , then the IFWG operator is reduced to the intuitionistic fuzzy geometric (IFG) operator, which is defined as follows:
Theorem 3. Letã j ¼ ½tã j ; 1 2 fã j ðj ¼ 1; 2; . . .; nÞ be a collection of intuitionistic fuzzy values, then their aggregated value by using the IFWG operator is also an intuitionistic fuzzy value, and
where
Proof. The first result follows quickly from Definition 1 and Theorem 1. In the following, we prove equation (9) by using mathematical induction on n:
(1) For n ¼ 2: Sinceã
thus, equation (9) holds.
(2) If equation (9) holds for n ¼ k, that is
then, when n ¼ k þ 1, by the operational laws (1) and (2), we have
Thus, equation (9) holds for all n.
Example 1. Letã 1 ¼ ½0:1; 0:3;ã 2 ¼ ½0:4; 0:7;ã 3 ¼ ½0:6; 0:9, andã 4 ¼ ½0:2; 0:5 be four intuitionistic fuzzy values, and v ¼ (0.2, 0.3, 0.1, 0.4) T be the weight vector ofã j ( j ¼ 1, 2, 3, 4), then 
. . , n) are equal, i.e.ã j ¼ã, for all j, then IFWG v ðã 1 ;ã 2 ; . . .;ã n Þ ¼ã:
Proof. By Theorem 2, we have
Theorem 5. Letã j ¼ ½tã j ; 1 2 fã j ðj ¼ 1; 2; . . .; nÞ be a collection of intuitionistic fuzzy values, and let
Proof. Since min
Let IFWG v ðã 1 ;ã 2 ; . . .;ã n Þ ¼ ½tã; 1 2 fã, then
If SðãÞ , Sðã þ Þ and SðãÞ . Sðã 2 Þ then by Definition 1, we havẽ a 2 , IFWG v ðã 1 ;ã 2 ; . . .;ã n Þ ,ã þ :
If SðãÞ ¼ Sðã þ Þ, i.e. tã 2 fã ¼ max j ðtã j Þ 2 min j ðfã j Þ, then by equations (13) and (14), we have
in this case, from Definition 1, it follows that IFWG v ðã 1 ;ã 2 ; . . .;ã n Þ ¼ã þ :
If SðãÞ ¼ Sðã 2 Þ, i.e. tã 2 fã ¼ min j ðtã j Þ 2 max j ðfã j Þ, then by equations (11) and (12), we have
in this case, from Definition 3, it follows that
From equations (15) - (17), we know that equation (10) always holds. Theorem 6. Letã j ¼ ½tã j ; 1 2 fã j ( j ¼ 1, 2, . . . , n) andã * j ¼ ½t~a* j ; 1 2 f~a* j ( j ¼ 1, 2, . . . , n) be two collections of intuitionistic fuzzy values, If tã j # t~a* j and fã j $ f~a* j , for all j, then IFWG v ðã 1 ;ã 2 ; . . .;ã n Þ # IFWG v ðã * 1 ;ã * 2 ; . . .;ã * n Þ:
Proof. Since tã j # t~a* j and fã j $ f~a* j , for all j, then
Letã ¼ IFWG v ðã 1 ;ã 2 ; . . .;ã n Þ andã * ¼ IFWG v ðã * 1 ;ã * 2 ; . . .;ã * n Þ, then by equation (19), we have SðãÞ # Sðã * Þ:
If SðãÞ , Sðã * Þ, then by Definition 1, we have IFWG v ðã 1 ;ã 2 ; . . .;ã n Þ , IFWG v ðã * 1 ;ã * 2 ; . . .;ã * n Þ: ð20Þ
then, by the conditions tã j # t~a* j and fã j $ f~a* j , for all j, we have
From equations (20) and (21), we know that equation (18) always holds.
The IFOWG operator
Definition 3 Letã j ¼ ½tã j ; 1 2 fã j ð j ¼ 1; 2; . . .; nÞ be a collection of intuitionistic fuzzy values. An intuitionistic fuzzy OWG (IFOWG) operator of dimension n is a mapping IFOWG : V n ! V, that has an associated vector w ¼ ðw 1 ; w 2 ; . . .; w n Þ T such that w j . 0 and P n j¼1 w j ¼ 1. Furthermore,
where ðsð1Þ; sð2Þ; . . .; sðnÞÞ is a permutation of ð1; 2; . . .; nÞ such thatã sð j21Þ $ã sð jÞ for all j. Especially, if w ¼ ð1=n; 1=n; . . .; 1=nÞ T , then the IFOWG operator is reduced to the intuitionistic fuzzy geometric (IFG) operator. Similar to Theorem 3, we have;
Theorem 7. Letã j ¼ ½tã j ; 1 2 fã j ð j ¼ 1; 2; . . .; nÞ be a collection of intuitionistic fuzzy values, then their aggregated value by using the IFOWG operator is also an intuitionistic fuzzy value, and
where w ¼ ðw 1 ; w 2 ; . . .; w n Þ T is the weighting vector of the IFOWG operator, with w j . 0 and P n j¼1 w j ¼ 1, which can also be determined by using the normal distribution based method (Xu 2005) .
Example 2. Letã 1 ¼ ½0:3; 0:4,ã 2 ¼ ½0:4; 0:5,ã 3 ¼ ½0:6; 0:7,ã 4 ¼ ½0:7; 0:9, andã 5 ¼ ½0:1; 0:6 be five intuitionistic fuzzy values, then tã 1 ¼ 0:3; tã 2 ¼ 0:4; tã 3 ¼ 0:6; tã 4 ¼ 0:7; tã 5 ¼ 0:1 fã 1 ¼ 1 2 0:4 ¼ 0:6; fã 2 ¼ 1 2 0:5 ¼ 0:5; fã 3 ¼ 1 2 0:7 ¼ 0:3 fã 4 ¼ 1 2 0:9 ¼ 0:1; fã 5 ¼ 1 2 0:4 ¼ 0:6:
By equation (6), we calculate the scores ofã j ð j ¼ 1; 2; 3; 4; 5Þ: (3)) is the weighting vector of the IFOWG operator. Then, by equation (23), it follows that Similar to the IFWG operator, the IFOWG operator also has the following properties.
Theorem 8. Letã j ¼ ½tã j ; 1 2 fã j ð j ¼ 1; 2; . . .; nÞ be a collection of intuitionistic fuzzy values, and w ¼ ðw 1 ; w 2 ; . . .; w n Þ T be the weighting vector of the IFOWG operator, with w j . 0 and P n j¼1 w j ¼ 1. If allã j ð j ¼ 1; 2; . . .; nÞ are equal, i.e.ã j ¼ã, for all j, then IFOWG w ðã 1 ;ã 2 ; . . .;ã n Þ ¼ã:
Theorem 9. Letã j ¼ ½tã j ; 1 2 fã j ð j ¼ 1; 2; . . .; nÞ be a collection of intuitionistic fuzzy values, and let
Theorem 10. Letã j ¼ ½tã j ; 1 2 fã j ð j ¼ 1; 2; :::; nÞ andã * j ¼ ½t~a* j ; 1 2 f~a* j ð j ¼ 1; 2; :::; nÞ be two collections of intuitionistic fuzzy values, If tã j # t~a* j and fã j $ f~a* j , for all j, then IFOWG w ðã 1 ;ã 2 ; . . .;ã n Þ # IFOWG w ðã * 1 ;ã * 2 ; . . .;ã * n Þ:
The IFOWG operator has also the following properties.
Theorem 11. (Commutativity) Letã j ¼ ½tã j ; 1 2 fã j ð j ¼ 1; 2; . . .; nÞ andã 0 j ¼ ½tã0 j ; 1 2 fã0 j ð j ¼ 1; 2; . . .; nÞ be two collections of intuitionistic fuzzy values, then IFOWG w ðã 1 ;ã 2 ; . . .;ã n Þ ¼ IFOWG w ðã 0 1 ;ã 0 2 ; . . .;ã 0 n Þ ð 24Þ
where ðã 0 1 ;ã 0 2 ; . . .;ã 0 n Þ is any permutation of ðã 1 ;ã 2 ; . . .;ã n Þ.
Proof. Let
IFOWGðã 1 ;ã 2 ; . . .;ã n Þ ¼ ðã sð1Þ Þ w 1^ðã sð2Þ Þ w 2^· · ·^ðã sðnÞ Þ w n IFOWGðã 0 1 ;ã 0 2 ; . . .;ã 0 n Þ ¼ ðã 0 sð1Þ Þ w 1^ðã 0 sð2Þ Þ w 2^· · ·^ðã 0 sðnÞ Þ w n Since ðã 0 1 ;ã 0 2 ; . . .;ã 0 n Þ is a permutation of ðã 1 ;ã 2 ; . . .;ã n Þ, then we havẽ a sð jÞ ¼ã 0 sð jÞ ; j ¼ 1; 2; . . .; n then, equation (24) holds.
Theorem 12. Letã j ¼ ½tã j ; 1 2 fã j ð j ¼ 1; 2; . . .; nÞ be a collection of intuitionistic fuzzy values, and w ¼ ðw 1 ; w 2 ; . . .; w n Þ T be the weighting vector of the IFOWG operator, with w j . 0 and P n j¼1 w j ¼ 1, then
(1) If w 1 ! 1, then IFOWGðã 1 ;ã 2 ; . . .;ã n Þ ! max j ðã j Þ;
(2) If w n ! 1, then IFOWGðã 1 ;ã 2 ; . . .;ã n Þ ! min j ðã j Þ;
(3) If w j ! 1, then IFOWGðã 1 ;ã 2 ; . . .;ã n Þ !ã sð jÞ , whereã sð jÞ is the jth largest of a i ði ¼ 1; 2; . . .; nÞ.
From Definitions 2 and 3, we know that the IFWG operator weights only the intuitionistic fuzzy values, while the IFOWG operator weights only the ordered positions of the intuitionistic fuzzy values instead of weighting the intuitionistic fuzzy values themselves. In the following subsection, we develop an IFHG operator, which weights both the given intuitionistic fuzzy value and its ordered position.
The IFHG operator
Definition 4. An IFHG operator is a mapping IFHG : V n ! V, which has an associated vector w ¼ ðw 1 ; w 2 ; . . .; w n Þ T with w j . 0; P n j¼1 w j ¼ 1 such that
whereã _ sð jÞ is the jth largest of the weighted intuitionistic fuzzy values a _ j ðã _ j ¼ã nv j j ; 1; 2; . . .; nÞ, v ¼ ðv 1 ; v 2 ; . . .; v n Þ T is the weight vector ofã j ð j ¼ 1; 2; . . .; nÞ with v j . 0, P n j¼1 v j ¼ 1, and n is the balancing coefficient, which plays a role of balance, (in this case, if the vector ðv 1 ; v 2 ; . . .; v n Þ T goes to ð1=n; 1=n; . . .; 1=nÞ T , then the vector ðã nv 1 1 ;ã nv 2 2 ; . . .;ã nv n n Þ T goes to ðã 1 ;ã 2 ; . . .;ã n Þ T ). Letã _ sð jÞ ¼ ½t~a _ sð jÞ ; 1 2 t~a _ sð jÞ ( j ¼ 1, 2, . . . , n) then, similar to Theorem 3, we have
and the aggregated value derived by using the IFHG operator is also an intuitionistic fuzzy value.
Example 3. Letã 1 ¼ ½0:3; 0:6,ã 2 ¼ ½0:5; 0:7,ã 3 ¼ ½0:5; 0:6,ã 4 ¼ ½0:4; 0:9, andã 5 ¼ ½0:7; 0:8 be five intuitionistic fuzzy values, and let v ¼ ð0:18; 0:22; 0:16; 0:21; 0:23Þ T be the weight vector ofã j ð j ¼ 1; 2; 3; 4; 5Þ. Then tã 1 ¼ 0:3; tã 2 ¼ 0:5; tã 3 ¼ 0:5; tã 4 ¼ 0:4; tã 5 ¼ 0:7 1 2 fã 1 ¼ 0:6; 1 2 fã 2 ¼ 0:7; 1 2 fã 3 ¼ 0:6 1 2 fã 4 ¼ 0:9; 1 2 fã 5 ¼ 0:8:
By the operational law (2), we get the weighted intuitionistic fuzzy values as follows: (3)) is the weighting vector of the IFHG operator. Then, by equation (26), it follows that Theorem 13. The IFWG operator is a special case of the IFHG operator.
Proof. Let w ¼ ð1=n; 1=n; . . .; 1=nÞ T , then
. . .;ã n Þ:
Theorem 14. The IFOWG operator is a special case of the IFHG operator.
Proof. Let v ¼ ð1=n; 1=n; . . .; 1=nÞ T , thenã _ j ¼ã j , i ¼ 1; 2; . . .; n, thus
From Theorems 13 and 14, it can be known clearly that the IFHG operator generalizes both the IFOWG and IFWG operators, and reflects the importance degrees of both the given intuitionistic fuzzy argument and the ordered position of the argument.
An application of the IFHG operator to multiple attribute decision making
In the following, we apply the IFHG operator to multiple attribute decision making based on intuitionistic fuzzy information.
Let A ¼ {A 1 ; A 2 ; . . .; A m } be a set of alternatives, and let B ¼ {B 1 ; B 2 ; . . .; B n } be a set of attributes. v ¼ ðv 1 ; v 2 ; . . .; v n Þ T is the weight vector of B j ð j ¼ 1; 2; . . .; nÞ, with v j . 0 and P n j¼1 v j ¼ 1. Assume that the characteristics of the alternatives A i ði ¼ 1; 2; . . .; mÞ is represented by the intuitionistic fuzzy set:
where t ij indicates the degree that the alternative A i satisfies the attribute B j , f ij indicates the degree that the alternative A i does not satisfy the attribute B j , t ij [ ½0; 1, f ij [ ½0; 1, t ij þ f ij # 1, 1 # i # m, 1 # j # n.
Letã ij ¼ ½t ij ; ð1 2 f ij Þ, for all i, j, then equation (27) can rewritten as
To get the best alternative(s), we can utilize the IFHG operator:
i1 ;ã i2 ; . . .;ã in Þ; i ¼ 1; 2; . . .; m
to derive the overall valuesã i ¼ ½t i ; 1 2 f i ði ¼ 1; 2; . . .; mÞ of the alternatives A i ði ¼ 1; 2; . . .; mÞ, where w ¼ ðw 1 ; w 2 ; . . .; w n Þ T is the weighting vector of the IFHG operator, with w j . 0 and P n j¼1 w j ¼ 1, which can be determined by the normal distribution based method (Xu 2005) .
Then by equation (2), we calculate the scores Sðã i Þði ¼ 1; 2; . . .; mÞ of the overall values a i ði ¼ 1; 2; . . .; mÞ, and utilize the scores Sðã i Þði ¼ 1; 2; . . .; mÞ to rank the alternatives A i ði ¼ 1; 2; . . .; nÞ, and then to select the best one(s) (if there is no difference between two scores Sðã i Þ and Sðã j Þ, then we need to calculate the accuracy degrees Hðã i Þ and Hðã j Þ of the overall valuesã i andã j , respectively, and then rank the alternatives A i and A j in accordance with the accuracy degrees Hðã i Þ and Hðã j Þ.
Concluding remarks
In this paper, we have introduced two operational laws of intuitionistic fuzzy values, and developed some new geometric aggregation operators, including the IFWG operator, the IFOWG operator, and the IFHG operator, which extend the WG operator and the OWG operator to accommodate the situations where the given arguments are intuitionistic fuzzy sets. We have investigated various properties of these operators. Both the OWG weights and the IFHG weights can be derived from the normal distribution based method, which can relieve the influence of unfair arguments on the final results by assigning low weights to those unduly high or unduly low ones. We have applied the IFHG operator to multiple attribute decision making based on intuitionistic fuzzy sets, which develops the theories both the geometric aggregation operators and the intuitionistic fuzzy sets.
